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Abstrat
In this paper we present new formulas, whih represent ommu-
tators and antiommutators of Cliord algebra elements as sums of
elements of dierent ranks. Using these formulas we onsider subalge-
bras of Lie algebras of pseudounitary groups. Our main tehniques are
Cliord algebras. We have nd 12 types of subalgebras of Lie algebras
of pseudounitary groups.
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A lassi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pseudounitary groups in the tehniques of
Cliord algebras
Shirokov D.S.
November 12, 2018
In this paper we revise and further develop some results of [4℄. Namely,
we make more preise the formulas for ommutators and antiommutators of
Cliord algebra elements of xed ranks (Theorem 1 and 2).
We investigate Lie algebras of pseudounitary groups using the tehniques
of Cliord algebra. We present 12 types of subalgebras of Lie algebras of
pseudounitary groups (Theorem 3).
1 Formulas for ommutators and antiommu-
tators of Cliord algebra elements
Let p, q be nonnegative integer numbers and p+ q = n, n ≥ 1. Consider the
omplex Cliord algebra Cℓ(p, q) [4℄. Let e be the identity element and let
ea, a = 1, . . . , n be generators of the Cliord algebra Cℓ(p, q),
eaeb + ebea = 2ηabe,
where η = ||ηab|| is the diagonal matrix with p piees of +1 and q piees of
−1 on the diagonal. Elements
ea1...ak = ea1 . . . eak , a1 < . . . < ak, k = 1, . . . , n,
together with the identity element e, form a basis of the Cliord algebra.
The number of basis elements is equal to 2n. We denote by Cℓk(p, q) the
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vetor spaes that span over the basis elements ea1...ak . Elements of Cℓk(p, q)
are said to be elements of rank k.
The onstrution of Cliord algebra Cℓ(p, q) is disussed in details in [4℄.
The following theorem makes more preise the statement of Theorem 7 of
[4℄.
Theorem 1. Let
k
U,
l
V ,
r
W be Cliord algebra elements of ranks k, l, and r
respetively. Then, for all integer nonnegative numbers n ≥ k ≥ l ≥ 0, the
following formulas are valid.
1) If n ≥ k + l, then for l 6= 0
[
k
U,
l
V ] =


k−l+2
W +
k−l+6
W + . . .+
k+l−2
W , l - even;
k−l
W +
k−l+4
W + . . .+
k+l−2
W , k - even, l - odd;
k−l+2
W +
k−l+6
W + . . .+
k+l
W , k, l - odd
(1)
and
[
k
U,
0
V ] = 0. (2)
2) If k + l ≥ n, then for k 6= n
[
k
U,
l
V ] =


k−l
W +
k−l+4
W + . . .+
2n−k−l
W , n - even, k - even, l - odd;
k−l
W +
k−l+4
W + . . .+
2n−k−l−2
W , n - odd, k - even, l - odd;
k−l+2
W +
k−l+6
W + . . .+
2n−k−l
W ,
n - even, k - odd or
n - odd, k - even, l - even;
k−l+2
W +
k−l+6
W + . . .+
2n−k−l−2
W ,
n - odd, k - odd or
n - even, k - even, l - even
(3)
and
[
n
U,
l
V ] =


0,
n - even, l - even or
n - odd;
n−l
W , n - even, l - odd.
(4)
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Proof. Note that any Cliord algebra element is a linear ombination of
basis elements. Let's prove our theorem for basis elements of the Cliord
algebra.
Let us take
ea1...akeb1...bl ∈ Cℓk+l−2s(p, q), (5)
where s is the number of oinident indies in ordered multi-indies a1 . . . ak
and b1 . . . bl. Here Cℓk+l−2s(p, q) an be onsidered as vetor spae that spans
over the elements ea1...ak+l−2s . Sine eaeb + ebea = 2ηabe, it follows that
[ea1...ak , eb1...bl ] = (1− (−1)kl−s)ea1...akeb1...bl.
Finally, we obtain
[ea1...ak , eb1...bl ] =
{
k+l−2s
W , if kl − s is odd,
0, if kl − s is even.
For n ≥ k + l we have 0 ≤ s ≤ l. And for k + l ≥ n number s takes values
from k + l − n to l. Considering all possible values of s and taking into
aount evenness of kl − s, we omplete the proof of Theorem 1. •
Theorem 2. Let
k
U,
l
V ,
r
W be Cliord algebra elements of the ranks k, l, and
r respetively. Then, for all integer nonnegative numbers n ≥ k ≥ l ≥ 0, the
following formulas are valid.
1) If n ≥ k + l, then for l 6= 0
{
k
U,
l
V } =


k−l
W +
k−l+4
W + . . .+
k+l
W , l - even;
k−l+2
W +
k−l+6
W + . . .+
k+l
W , k - even, l - odd;
k−l
W +
k−l+4
W + . . .+
k+l−2
W , k, l - odd
and
{
k
U,
0
V } =
k
W .
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2) If k + l ≥ n, then for k 6= n
{
k
U,
l
V } =


k−l+2
W +
k−l+6
W + . . .+
2n−k−l
W , n - odd, k - even, l - odd;
k−l+2
W +
k−l+6
W + . . .+
2n−k−l−2
W , n - even, k - even, l - odd;
k−l
W +
k−l+4
W + . . .+
2n−k−l
W ,
n - odd, k - odd or
n - even, k - even, l - even;
k−l
W +
k−l+4
W + . . .+
2n−k−l−2
W ,
n - even, k - odd or
n - odd, k - even, l - even
and
{
n
U,
l
V } =


0, n - even, l - odd;
n−l
W ,
n - odd or
n - even, l - even.
Proof. The proof is analogous to the proof of Theorem 1. •
Let's write down some speial ases of formulas for ommutators and
antiommutators of Cliord algebra elements from Theorem 1 and Theorem
2.
If ranks of two Cliord algebra elements are equal (k=l), then
[
k
U,
k
V ] =


2
W +
6
W + . . .+
2k
W, k - odd and n ≥ 2k;
2
W +
6
W + . . .+
2k−2
W , k - even and n ≥ 2k;
2
W +
6
W + . . .+
2n−2k
W , 2k ≥ n and n,k are of dierent evenness;
2
W +
6
W + . . .+
2n−2k−2
W , 2k ≥ n and n,k are of same evenness;
0, k = n or k = 0.
{
k
U,
k
V } =


0
W +
4
W + . . .+
2k−2
W , k - odd and n ≥ 2k;
0
W +
4
W + . . .+
2k
W, k - even and n ≥ 2k;
0
W +
4
W + . . .+
2n−2k−2
W , 2k ≥ n and n,k are of dierent evenness;
0
W +
4
W + . . .+
2n−2k
W , 2k ≥ n and n,k are of same evenness;
0, k = n or k = 0.
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If one rank is xed, then
[
a
U,
1
V ] =


a−1
W , a - even;
a+1
W , a - odd, a 6= n;
0, a - odd, a = n.
{
a
U,
1
V } =


a−1
W , a - odd;
a+1
W , a - even, a 6= n;
0, a - even, a = n.
[
a
U,
2
V ] =
{
a
W, a 6= n;
0, a = n.
{
a
U,
2
V } =


a−2
W +
a+2
W , a 6= n, n− 1;
a−2
W , a = n, n− 1.
[
a
U,
3
V ] =


a−3
W +
a+1
W ,
a - even,
a ≤ n− 2;
a−3
W ,
a - even,
a = n− 1, n;
a−1
W +
a+3
W ,
a - odd,
a ≤ n− 3;
a−1
W ,
a - odd,
a = n−2, n−1;
0,
a - odd,
a = n.
{
a
U,
3
V } =


a−3
W +
a+1
W ,
a - odd,
a ≤ n− 2;
a−3
W ,
a - odd,
a = n− 1, n;
a−1
W +
a+3
W ,
a - even,
a ≤ n− 3;
a−1
W ,
a - even,
a = n−2, n−1;
0, a - even, a = n.
[
a
U,
4
V ] =


a−2
W +
a+2
W , a ≤ n− 3;
a−2
W ,
a = n− 2,
n− 1;
0, a = n.
{
a
U,
4
V } =


a−4
W +
a
W +
a+4
W , a ≤ n− 4;
a−4
W +
a
W,
a = n− 3,
n− 2;
a−4
W , a = n− 1, n.
6
For elements of small ranks we have
[
1
U,
1
V ] =
{
2
W, n ≥ 2;
0, n = 1.
{
1
U,
1
V } =
0
W .
[
2
U,
1
V ] =
1
W . {
2
U,
1
V } =
{
3
W, n ≥ 2;
0, n = 2.
[
2
U,
2
V ] =
{
2
W, n ≥ 3;
0, n = 2.
{
2
U,
2
V } =


0
W +
4
W, n 6= 2, 3;
0
W, n = 2, 3.
[
3
U,
1
V ] =
{
4
W, n ≥ 4;
0, n = 3.
{
3
U,
1
V } =
2
W .
[
3
U,
2
V ] =
{
3
W, n ≥ 4;
0, n = 3.
{
3
U,
2
V } =


1
W +
5
W, n 6= 3, 4;
1
W, n = 3, 4.
[
3
U,
3
V ] =


2
W +
6
W, n ≥ 6;
2
W, n = 4, 5;
0, n = 3.
{
3
U,
3
V } =


0
W +
4
W, n ≥ 5;
0
W, n = 3, 4.
[
4
U,
1
V ] =
3
W . {
4
U,
1
V } =
{
5
W, n ≥ 5;
0, n = 4.
[
4
U,
2
V ] =
{
4
W, n ≥ 5;
0, n = 4.
{
4
U,
2
V } =


2
W +
6
W, n 6= 4, 5;
2
W, n = 4, 5.
[
4
U,
3
V ] =


1
W +
5
W, n ≥ 6;
1
W, n = 4, 5.
{
4
U,
3
V } =


3
W +
7
W, n ≥ 7;
3
W, n = 5, 6;
0, n = 4.
[
4
U,
4
V ] =


2
W +
6
W, n ≥ 7;
2
W, n = 5, 6;
0, n = 4.
{
4
U,
4
V } =


0
W +
4
W +
8
W, n ≥ 8;
0
W +
4
W, n = 6, 7;
0, n = 4, 5.
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For elements of ranks that are losed to n we have
[
n
U,
n
V ] = 0. {
n
U,
n
V } =
0
W .
[
n
U,
n−1
V ] =
{
0, n - odd;
1
W, n - even.
{
n
U,
n−1
V } =
{
0, n - even;
1
W, n - odd.
[
n
U,
n−2
V ] = 0. {
n
U,
n−2
V } =
2
W .
[
n−1
U ,
n−1
V ] =
{
2
W, n 6= 1;
0, n = 1.
{
n−1
U ,
n−1
V } =
0
W .
[
n−1
U ,
n−2
V ] =


1
W, n - odd;
3
W, n - even, n 6= 2;
0, n = 2.
{
n−1
U ,
n−2
V } =


1
W, n - even;
3
W, n - odd;.
[
n−2
U ,
n−2
V ] =
{
2
W, n ≥ 3;
0, n = 2.
{
n−2
U ,
n−2
V } =


0
W +
4
W, n ≥ 4;
0
W, n = 2, 3.
If rank of the seond element is small and the rank of the rst element is
losed to n, then
[
n
U,
1
V ] =
{
n−1
W , n - even;
0, n - odd.
{
n
U,
1
V } =
{
0, n - even;
n−1
W , n - odd.
[
n−1
U ,
1
V ] =
{ n
W, n - even;
n−2
W , n - odd.
{
n−1
U ,
1
V } =
{
n−2
W , n - even;
n
W, n - odd.
[
n−2
U ,
1
V ] =


n−3
W , n - even;
n−1
W , n - odd.
{
n−2
U ,
1
V } =


n−1
W , n - even;
n−3
W , n - odd.
[
n
U,
2
V ] = 0. {
n
U,
2
V } =
n−2
W .
[
n−1
U ,
2
V ] =
n−1
W . {
n−1
U ,
2
V } =
n−3
W .
[
n−2
U ,
2
V ] =
n−2
W . {
n−2
U ,
2
V } =
n−4
W +
n
W .
The following tables illustrate formulas for ommutators from Theorem
1.
For the dimensions n = 1, 2, . . . 10 of Cliord algebra we have
8
n=1 1
1 -
n=2 1 2
1 2 1
2 1 -
n=3 1 2 3
1 2 1 -
2 1 2 -
3 - - -
n=4 1 2 3 4
1 2 1 4 3
2 1 2 3 -
3 4 3 2 1
4 3 - 1 -
n=5 1 2 3 4 5
1 2 1 4 3 -
2 1 2 3 4 -
3 4 3 2 1 -
4 3 4 1 2 -
5 - - - - -
n=6 1 2 3 4 5 6
1 2 1 4 3 6 5
2 1 2 3 4 5 -
3 4 3 2/6 1/5 4 3
4 3 4 1/5 2 3 -
5 6 5 4 3 2 1
6 5 - 3 - 1 -
n=7 1 2 3 4 5 6 7
1 2 1 4 3 6 5 -
2 1 2 3 4 5 6 -
3 4 3 2/6 1/5 4 3 -
4 3 4 1/5 2/6 3 4 -
5 6 5 4 3 2 1 -
6 5 6 3 4 1 2 -
7 - - - - - - -
n=8 1 2 3 4 5 6 7 8
1 2 1 4 3 6 5 8 7
2 1 2 3 4 5 6 7 -
3 4 3 2/6 1/5 4/8 3/7 6 5
4 3 4 1/5 2/6 3/7 4 5 -
5 6 5 4/8 3/7 2/6 1/5 4 3
6 5 6 3/7 4 1/5 2 3 -
7 8 7 6 5 4 3 2 1
8 7 - 5 - 3 - 1 -
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n=9 1 2 3 4 5 6 7 8 9
1 2 1 4 3 6 5 8 7 -
2 1 2 3 4 5 6 7 8 -
3 4 3 2/6 1/5 4/8 3/7 6 5 -
4 3 4 1/5 2/6 3/7 4/8 5 6 -
5 6 5 4/8 3/7 2/6 1/5 4 3 -
6 5 6 3/7 4/8 1/5 2/6 3 4 -
7 8 7 6 5 4 3 2 1 -
8 7 8 5 6 3 4 1 2 -
9 - - - - - - - - -
n=10 1 2 3 4 5 6 7 8 9 10
1 2 1 4 3 6 5 8 7 10 9
2 1 2 3 4 5 6 7 8 9 -
3 4 3 2/6 1/5 4/8 3/7 6/10 5/9 8 7
4 3 4 1/5 2/6 3/7 4/8 5/9 6 7 -
5 6 5 4/8 3/7 2/6/10 1/5/9 4/8 3/7 6 5
6 5 6 3/7 4/8 1/5/9 2/6 3/7 4 5 -
7 8 7 6/10 5/9 4/8 3/7 2/6 1/5 4 3
8 7 8 5/9 6 3/7 4 1/5 2 3 -
9 10 9 8 7 6 5 4 3 2 1
10 9 - 7 - 5 - 3 - 1 -
Tables are symmetri with respet to the main diagonal beause
[
k
U,
l
V ] = −[
l
V ,
k
U ].
For antiommutators we have the following tables (n = 1, 2, . . . 10):
n=1 1
1 0
n=2 1 2
1 0 -
2 - 0
n=3 1 2 3
1 0 3 2
2 3 0 1
3 2 1 0
n=4 1 2 3 4
1 0 3 2 -
2 3 0/4 1 2
3 2 1 0 -
4 - 2 - 0
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n=5 1 2 3 4 5
1 0 3 2 5 4
2 3 0/4 1/5 2 3
3 2 1/5 0/4 3 2
4 5 2 3 0 1
5 4 3 2 1 0
n=6 1 2 3 4 5 6
1 0 3 2 5 4 -
2 3 0/4 1/5 2/6 3 4
3 2 1/5 0/4 3 2 -
4 5 2/6 3 0/4 1 2
5 4 3 2 1 0 -
6 - 4 - 2 - 0
n=7 1 2 3 4 5 6 7
1 0 3 2 5 4 7 6
2 3 0/4 1/5 2/6 3/7 4 5
3 2 1/5 0/4 13/7 2/6 5 4
4 5 2/6 3/7 0/4 1/5 2 3
5 4 3/7 2/6 1/5 0/4 3 2
6 7 4 5 2 3 0 1
7 6 5 4 3 2 1 0
n=8 1 2 3 4 5 6 7 8
1 0 3 2 5 4 7 6 -
2 3 0/4 1/5 2/6 3/7 4/8 5 6
3 2 1/5 0/4 3/7 2/6 5 4 -
4 5 2/6 3/7 0/4/8 1/5 2/6 3 4
5 4 3/7 2/6 1/5 0/4 3 2 -
6 7 4/8 5 2/6 3 0/4 1 2
7 6 5 4 3 2 1 0 -
8 - 6 - 4 - 2 - 0
n=9 1 2 3 4 5 6 7 8 9
1 0 3 2 5 4 7 6 9 8
2 3 0/4 1/5 2/6 3/7 4/8 5/9 6 7
3 2 1/5 0/4 3/7 2/6 5/9 4/8 7 6
4 5 2/6 3/7 0/4/8 1/5/9 2/6 3/7 4 5
5 4 3/7 2/6 1/5/9 0/4/8 3/7 2/6 5 4
6 7 4/8 5/9 2/6 3/7 0/4 1/5 2 3
7 6 5/9 4/8 3/7 2/6 1/5 0/4 3 2
8 9 6 7 4 5 2 3 0 1
9 8 7 6 5 4 3 2 1 0
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n=10 1 2 3 4 5 6 7 8 9 10
1 0 3 2 5 4 7 6 9 8 -
2 3 0/4 1/5 2/6 3/7 4/8 5/9 6/10 7 8
3 2 1/5 0/4 3/7 2/6 5/9 4/8 7 6 -
4 5 2/6 3/7 0/4/8 1/5/9 2/6/10 3/7 4/8 5 6
5 4 3/7 2/6 1/5/9 0/4/8 3/7 2/6 5 4 -
6 7 4/8 5/9 2/6/10 3/7 0/4/8 1/5 2/6 3 4
7 6 5/9 4/8 3/7 2/6 1/5 0/4 3 2 -
8 9 6/10 7 4/8 5 2/6 3 0/4 1 2
9 8 7 6 5 4 3 2 1 0 -
10 - 8 - 6 - 4 - 2 - 0
2 Subalgebras of the Lie algebra of pseudouni-
tary group
Consider the following set of Cliord algebra elements
WCℓ(p, q) = {U ∈ Cℓ(p, q) : U∗U = e},
where * is the operation of Cliord onjugation [4℄ with properties
e∗ = e, (ea1ea2 . . . eak)∗ = eak . . . ea1 , (λ)∗ = λ,
λ is a omplex number and λ is the onjugated omplex number. This set
forms a (Lie) group with respet to the Cliord produt and this group is
alled the pseudounitary group of Cliord algebra Cℓ(p, q) .
The set of elements with the ommutator [U, V ] = UV − V U
wCℓ(p, q) = {u ∈ Cℓ(p, q) : u∗ = −u}
is the Lie algebra of the Lie group WCℓ(p, q).
From this denition and from the denition of Cliord onjugation it
follows that an arbitrary element of this Lie algebra has the form
u = i
0
u +i
1
u +
2
u +
3
u +i
4
u +i
5
u + . . .+ an
n
u,
i.e.
u =
n∑
k=0
ak
k
u,
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where
ak =
{
1, k = 2, 3, 6, 7, . . .;
i, k = 0, 1, 4, 5, . . .,
and
k
u∈ CℓRk (p, q). By Cℓ
R(p, q) we denote the real Cliord algebra.
We want to nd diret sums of vetor spaes akCℓ
R
k (p, q) suh that they
form a Lie algebra (losed with respet to the ommutator).
Theorem 3. Let p + q = n. The following 12 types of diret sums of
vetor spaes
k
u
are losed with respet to the ommutator and, hene, form
subalgebras of Lie algebra wCℓ(p, q):
1) for n ≥ 1:
i
0
u;
2) for n ≥ 1:
an
n
u;
3) for n ≥ 2:
i
1
u +
2
u;
4) for n ≥ 3 (if n = 2 it is the same as item 2):
2
u;
5) for n ≥ 4 (if n = 2, 3 it is the same as item 3):
i
1
u +
2
u + . . .+ an
n
u
for even n,
i
1
u +
2
u + . . .+ an−1
n−1
u
for odd n;
6) for n ≥ 4:
2
u +an−1
n−1
u ;
7) for n ≥ 5:
2
u +an−2
n−2
u ;
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8) for n ≥ 6 (if n = 5 it is the same as item 5):
i
1
u +
2
u +an−2
n−2
u +an−1
n−1
u
for odd n ,
i
1
u +
2
u +an−1
n−1
u +an
n
u
for even n;
9) for n ≥ 6 (if n = 2, 3 it is the same as item 4, if n = 4 it is the same as
item 6, if n = 5 it is the same as item 7):
2
u +
3
u +
6
u +
7
u +
10
u +
11
u + . . .+
k
u
for n = k + 1, k + 2 for odd k and n = k, k + 1 for even k;
10) for n ≥ 7 (if n = 3, 4 it is the same as item 4, if n = 5 it is the same as
item 6, if n = 6 it is the same as item 7):
2
u +i
4
u +
6
u +i
8
u +
10
u +i
12
u + . . .+ ak
k
u
for n = k + 1, k + 2;
11) for n ≥ 8 (if n = 2, 3, 4, 5 it is the same as item 3, if n = 6, 7 it is the
same as item 8):
i
1
u +
2
u +i
5
u +
6
u +i
9
u +
10
u + . . .+ ak
k
u
for n = k, k + 1, k + 2, k + 3 for even k;
12) for n ≥ 9 (if n = 3, 4, 5, 6 it is the same as item 4, if n = 7 it is the same
as item 6, if n = 8 it is the same as item 7):
2
u +
6
u +
10
u +
14
u +
18
u +
22
u + . . .+
k
u
for n = k + 1, k + 2, k + 3, k + 4.
We an add i
0
u
to any of these subalgebras. We an add an
n
u
to all types
of subalgebras for odd n. Also we an add an
n
u
to subalgebras that on-
sist of elements of even ranks for even n. (In these ases we get reduible
subalgebras.)
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Proof. Denote by
∑bk
j=b1
j
u
the arbitrary element of the subspae Cℓb1(p, q)⊕
Cℓb2(p, q) ⊕ . . . ⊕ Cℓbk(p, q). This subspae form a subalgebra if [
∑bk
j=b1
j
u
,
∑bk
j=b1
j
v] an be written as
∑bk
j=b1
j
w
. That means [
s
u,
t
v] an be written as∑bk
j=b1
j
w
for all s, t = b1, b2, . . . , bk.
With the aid of Theorem 1 the proof of this theorem is straightforward.
•
We have the analogous theorem for Lie subalgebras of real or omplex
Cliord algebra:
Theorem 4. Consider the Cliord algebra Cℓ(p, q) as an Lie algebra losed
with respet to the ommutator [U, V ] = UV − V U . Then the following 12
types of subspaes form Lie subalgebras of real (or omplex) Cliord algebra
Cℓ(p, q):
1) for n ≥ 1:
0
u;
2) for n ≥ 1:
n
u;
3) for n ≥ 2:
1
u +
2
u;
4) for n ≥ 3 (if n = 2 it is the same as item 2):
2
u;
5) for n ≥ 4 (if n = 2, 3 it is the same as item 3):
1
u +
2
u + . . .+
n
u
for even n,
1
u +
2
u + . . .+
n−1
u
for odd n;
6) for n ≥ 4:
2
u +
n−1
u ;
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7) for n ≥ 5:
2
u +
n−2
u ;
8) for n ≥ 6 (if n = 5 it is the same as item 5):
1
u +
2
u +
n−2
u +
n−1
u
for odd n ,
1
u +
2
u +
n−1
u +
n
u
for even n;
9) for n ≥ 6 (if n = 2, 3 it is the same as item 4, if n = 4 it is the same as
item 6, if n = 5 it is the same as item 7):
2
u +
3
u +
6
u +
7
u +
10
u +
11
u + . . .+
k
u
for n = k + 1, k + 2 for odd k and n = k, k + 1 for even k;
10) for n ≥ 7 (if n = 3, 4 it is the same as item 4, if n = 5 it is the same as
item 6, if n = 6 it is the same as item 7):
2
u +
4
u +
6
u +
8
u +
10
u +
12
u + . . .+
k
u
for n = k + 1, k + 2;
11) for n ≥ 8 (if n = 2, 3, 4, 5 it is the same as item 3, if n = 6, 7 it is the
same as item 8):
1
u +
2
u +
5
u +
6
u +
9
u +
10
u + . . .+
k
u
for n = k, k + 1, k + 2, k + 3 for even k;
12) for n ≥ 9 (if n = 3, 4, 5, 6 it is the same as item 4, if n = 7 it is the same
as item 6, if n = 8 it is the same as item 7):
2
u +
6
u +
10
u +
14
u +
18
u +
22
u + . . .+
k
u
for n = k + 1, k + 2, k + 3, k + 4.
We an add
0
u
to any of these subalgebras. We an add
n
u
to all types of sub-
algebras for odd n. Also we an add
n
u
to subalgebras that onsist of elements
of even ranks for even n. (In these ases we get reduible subalgebras.)
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Proof. If we replae ak by 1 in the proof of Theorem 3, we obtain the proof
of this theorem. •
Let's write down all subalgebras of the Lie algebra of pseudounitary group
of Cliord algebra for the dimensions n=1, 2, . . . 10. We are interested only
in Lie algebras that are diret sums of elements of dierent ranks. If we
replae ak by 1, we will get Lie subalgebras of Cliord algebra.
For n=1:
1) i
0
u
, 2) i
1
u
.
For n=2:
1) i
0
u
, 2)
2
u
, 3) i
1
u +
2
u
.
For n=3:
1) i
0
u
, 2)
3
u
, 3) i
1
u +
2
u
, 4)
2
u
.
For n=4:
1) i
0
u
, 2) i
4
u
, 3) i
1
u +
2
u
, 4)
2
u
, 5) i
1
u +
2
u +
3
u +i
4
u
, 6)
2
u +
3
u
.
For n=5:
1) i
0
u
, 2) i
5
u
, 3) i
1
u +
2
u
, 4)
2
u
, 5) i
1
u +
2
u +
3
u +i
4
u
, 6)
2
u +i
4
u
, 7)
2
u +
3
u
.
For n=6:
1) i
0
u
, 2)
6
u
, 3) i
1
u +
2
u
, 4)
2
u
, 5) i
1
u +
2
u +
3
u +i
4
u +i
5
u +
6
u
, 6)
2
u +i
5
u
, 7)
2
u +i
4
u
, 8) i
1
u +
2
u +i
5
u +
6
u
, 9)
2
u +
3
u +
6
u
.
For n=7:
1) i
0
u
, 2)
7
u
, 3) i
1
u +
2
u
, 4)
2
u
, 5) i
1
u +
2
u +
3
u +i
4
u +i
5
u +
6
u
, 6)
2
u +
6
u
, 7)
2
u +i
5
u
, 8) i
1
u +
2
u +i
5
u +
6
u
, 9)
2
u +
3
u +
6
u
, 10)
2
u +i
4
u +
6
u
.
For n=8:
1) i
0
u
, 2) i
8
u
, 3) i
1
u +
2
u
, 4)
2
u
, 5) i
1
u +
2
u +
3
u +i
4
u +i
5
u +
6
u +
7
u +i
8
u
, 6)
2
u +
7
u
, 7)
2
u +
6
u
, 8) i
1
u +
2
u +
7
u +i
8
u
, 9)
2
u +
3
u +
6
u +
7
u
, 10)
2
u +i
4
u +
6
u
, 11)
i
1
u +
2
u +i
5
u +
6
u
.
For n=9:
1) i
0
u
, 2) i
9
u
, 3) i
1
u +
2
u
, 4)
2
u
, 5) i
1
u +
2
u +
3
u +i
4
u +i
5
u +
6
u +
7
u +i
8
u
,
6)
2
u +i
8
u
, 7)
2
u +
7
u
, 8) i
1
u +
2
u +
7
u +i
8
u
, 9)
2
u +
3
u +
6
u +
7
u
, 10)
2
u +i
4
u +
6
u +i
8
u
, 11) i
1
u +
2
u +i
5
u +
6
u
, 12)
2
u +
6
u
.
For n=10:
1) i
0
u
, 2)
10
u
, 3) i
1
u +
2
u
, 4)
2
u
, 5) i
1
u +
2
u +
3
u +i
4
u +i
5
u +
6
u +
7
u +i
8
u
+i
9
u +
10
u
, 6)
2
u +i
9
u
, 7)
2
u +i
8
u
, 8) i
1
u +
2
u +i
9
u +
10
u
, 9)
2
u +
3
u +
6
u +
7
u +
10
u
,
10)
2
u +i
4
u +
6
u +i
8
u
, 11) i
1
u +
2
u +i
5
u +
6
u +i
9
u +
10
u
, 12)
2
u +
6
u
.
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We an add i
0
u
to any of these subalgebras. We an add an
n
u
to all types
of subalgebras for odd n. Also we an add an
n
u
to subalgebras that onsist
of elements of even ranks for even n. We have reduible subalgebras in these
ases.
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